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The development of efficient and accurate finite element modelling 
techniques for the routine analysis of elastic-plastic stability 
problems in frame structures is addressed. The necessary models, 
solution procedure and geometric algorithm used for nonlinear 
stability analysis of frames are presented • 
An available finite element code, NOSTRUM, which had the basic 
algorithms necessary to carry out nonlinear analysis was used as 
the starting point. The Timoshenko beam/frame elements with a 
layered representation of the cross-section, uniaxial elastic-
plastic constitutive models, different integration procedures and 
simplified large deformation geometric assumptions incorporated into 
NOSTRUM are discussed in detail. 
Numerical examples are given to validate the algorithms implemented 
I . 
and to provide the experience necessary to give guidelines for the 
adequate choice of discretization and numerical schemes to be used 
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total potential energy 
mass density 
stress vector 
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i-th iteration 
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The nonlinear stability analysis of frame structures is a well known 
problem. Steel designers, contractors and organisations promoting 
the use of structural steel have, for some time, expressed an interest 
in the development of efficient and accurate analysis methods for such 
stability calculations. In the South African context, it has been 
suggested that these analysis tools should become available on small 
desktop or micro computers. The main thrust of the present work is 
the first step in this process: it is intended to establish efficient 
and accurate modelling techniques (based on the finite element method) . 
that can be later made available on small computers in the design 
environment for routine ~nalysis purposes. 
1. 
A large body of work on analysis procedures for the nonlinear stability 
of frames exists in the literature. It includes the use of design 
oriented interaction formulae, limit analysis techniques based on rigid-
plastic assumptions and the more modern incremental/iterative elastic-
plastic stability analyses techniques based on the finite element method. 
The interaction formulae constitute an approximate method of predicting 
the stability failure load for a particular frame based on the plastic 
failure load and elastic buckling load of the frame or, in some cases, 
the ultimate load and elastic buckling load of the frame. Some of the 
widely used interaction formulae are the Merchant-Rankine formula [1, 2], 
its modification by Wood [3], and the design rule due to Lu [4]. The 
European Convention for Constructional Steelwork has proposed the inclusion 
of the modified Merchant-Rankine formula in the new British steel design 
code B20 [5]. However, more recent work by Scholz [6] indicates that 
these formulae are severely restricted in their scope of application and 
that the results obtained with the Merchant-Rankine rule are generally 
too conservative. Scholz proposes a new multi-curve interaction method 
which represents an improvement on the Merchant-Rankine formula. This 





Limit anaiysis techniques based on a rigid-plastic moment-curvature 
assumption have also been used to analyse frame structures. Its 
application has been limited to individual beams and columns or to 
simple single-storey and two-storey frames. The reason for this lies 
2. 
in the fact that previous knowledge of the failure mechanism is generally 
necessary. For example, when using the kinematic approach, one has 
(or the computer has) to go through lengthy permutations of possible 
combinations of hinge positions in order to find the correct failure 
mechanism. Nevertheless, computer codes for this kind of analysis 
have been developed, for example Hansa [7]. 
Finally, finite element based incremental/iterative methods for elastic-
plastic stability of frames have recently become very popular. These 
rely on the use of an elastic-plastic constitutive assumption for the 
material behaviour while the finite element spatial discretization 
framework provides a natural means of modelling the relatively large 
changes of geometry of the structure that occur prior to stability 
failure. In the finite element context, it is possible to record and 
take into account' the changes in geometry of the structure in two ways [8]: 
one can use the original configuration as a reference configuration for 
the current stress and deformation fields Total Lagrangian formulation 
(TL); or one can employ the current configuration of the structure at any 
given time of the loading process as the reference configuration - Updated 
Lagrangian formulation (UL). Cichon [9] and Chebl et al [10] have used 
the TL approach whereas Saran [11] and Kang and Scordelis [12] opted for. 
the UL approach. Although the choice of which approach is adopted depends, 
to an extent, on the finite element being used and the material constitutive 
law, the UL option is generally the·most popular and a form of it is used 
in the present work. 
This thesis is concerned with the development of efficient and accurate 
models for the routine analysis of elastic-plastic stability problems 
in framed structures. It is intended to provide guidelines for the adequate 
choice of discretization and numerical schemes to be used in the analysis 
of such problems. To achieve this, a finite element code developed by 
the Applied Mechanics Research Unit at the University of Cape Town, called 
NOSTRUM [13], was used as the starting point. NOSTRUM already had the 
basic algorithms necessary to carry out nonlinear analysis but some of 





include the Timoshenko beam/frame elements with a layered representation 
of the cross-section necessary to model the progressive plastification of 
the member sections and the uniaxial elastic-plastic constitutive models 
to be used in conjunction with the layered Timoshenko elements. A number 
of elements, integration procedures and constitutive models were implemented 
in NOSTRUM; these are discussed in detail in later chapters. A simple 
form of the UL formulation was also implemented in order to take into 
account the changes in geometry of the structure . 
The organisation of this thesis is as follows: Chapter Two gives the finite 
element formulation of the layered Timoshenko beam/frame elements and 
develops the basic equilibrium equations; Chapter Three deals with the 
elastic-plastic constitutive models for the layered elements; Chapter Four 
discusses the numerical algorithms implemented in NOSTRUM; and finally 
numerical examples are given in Chapter Five, not only to validate the 
algorithms implemented, but also to provide the experience necessary to 





BEAM/FRAME FINITE ELEMENT FORMULATION 
2.1 Introduction 
This chapter deals with the elastic formulation of the layered 
Timoshenko element. This element model is used because of the 
possibility of modelling shear effects and progressive plasti-
fication of the section with the use of layers. A realistic 
representation of the behaviour of the structure can thus be 
obtained. One disadvantage with using this element is that 
overstiff results can occur when modelling thin sections. This 
phenomenon, termed "locking", will be discussed later .in the 
chapter. 
The Timoshenko beam theory in terms of the small strain, small 
'displacement concept is first presented. The basic linear 
equilibrium equations are developed in the context of the 
Lagrangian Isoparametric finite element formulation. The next 
I 
~ection discusses the layered approximation and its associated 
kssumptions. Finally, the numerical integration techniques to 
I 
be employed are presented and discussed. 
2.2 Timoshenko Beam Assumptions and Characteristics 
2. 2. 1 Displacement Field 
The main assumption in Timoshenko beam theory is that 
4 . 
the plane sections remain plane but not necessarily normal 
to the neutral axis after deformation. This is depicted 









Normal to the Neutral 




















Hence we obtain 
e(x) dw e , (2. 1). = + dx 
where: e - rotation due to transverse shear deformation, 
dw 
dx - slope of the neutral axis, 
e - rotation of the normal. 
The displacements in the x and z directions are 
respectively 
u (x, z) = u (x) + ze (x), 
w (x, z) = w (x), 
(2.2) 
where u and w imply displacements at any point (x, z). 
Strain-Displacement Relationships 
For small displacement and small strain theory the axial 
strain is defined as 
du 
E dx x 
du + 
de 
= dx z- ' dx 
and similarly, the shear strain is defined as 
= 
e(x) 








2.2.3 Elastic Stress-Strain Relationship 
The beam is assumed to be in a state of plane stress. 
Thus for an isotropic material we get 
a \) 0 e: x x 
E 0 a = \) e: z ( 1-v 2 ) z 
T 0 0 
( 1-V) 
yxz xz -2-
It is assumed that there is no transverse stress. 
Therefore, a = 0 and the transverse strain can be 
z 
expressed as 
e: = -ve: z x 
Hence the stress-strain relationship becomes 
a = Ee: x x 
T = Gy xz xz , 
(2. 5) 
(2.6) 
where G = E/[2(1+v)] is the shear modulus of an isotropic 
material. 
2.3 Basic Linear Equations 
The governing equilibrium equations of the structural system are 
obtained by minimising the total potential energy. 
Consider a beam of length £, breadth b and depth d subject to 
body forces p per unit volume, applied surface tranctions s, 
concentrated axial loads P(x), concentrated transverse loads P(y) 






The total potential energy, TI, can be expressed as 
.e d/2 b(d/2) T 
11 ~ f f f er E dy dz dx 
0 -d/2 b(-d/2) -
(2. 7) 
.e d/2 b (d/2) .e b (d/2) 
f f f oT p dy dz dx - f f OT s dy dx 
0 -d/2 b(-d/2) - 0 b(-d/2) -
P(y)w - P(x)u C6 , 
where er, E and o are the total stress, strain and displacement 
vectors respectively. 





E Et dv + 
x x 
(2. 8) 
f y . G y dv -xz xz 
v 
P(y)w - P(x)u 
using equations (2.3) and (2.4) and integrating out the y and z 




EA f (du)2 dx 





f (d6)2 dx + dx 
.e 
GA f B2 dx 
2a 
0 0 
AXIAL BENDING SHEAR 
.e 
f oT pA dx -
.e 
f oT q dx (2.9) 
0 0 
BODY FORCE DISTRIBUTED LOAD 





The term a is a shear correction factor, where a= 1.5, 
Owen and Hinton [14]. 
From this expression it is observed that all the strain terms 
are of order 1 and hence only C(O) continuity is required. The 
strain terms are: 




bending strain, = de dx (2. 10) 
shear strain, e: = B s 
As only C(O) continuity is required, the Lagrangian finite element 
approximation is used. The structural system is discretized into 
a finite element mesh where the primary unknowns are the displace-
ments u., w., e., at the nodal points in the mesh. The displace-i i i 
ment at any p~sition in the structure is described in terms of 
these nodal displacements by Lagrangian Shape functions N .. The 
i 
displacement vector is written as 
o = N o. 
- _i 
where N is the vector of Lagrangian Shape functions and o. is the 
_i 
vector of nodal displacements . 
2.3.1 Isoparametric Element Definition 
Three isoparametric Lagrangian elements are used; the 
two noded linear element, the three noded quadratic element 
and the four noded cubic element . 
The natural co-ordinate system is used in the element 




are illustrated in Figure 2.2 as: 
2 linear element; 
~ = -1 ~ = +1 
2 3 quadratic element; 
~ = -1 ~ = 0 ~ = +1 
2 3 4 cubic element. 
~ = -1 ~ =-1//3 ~ = 1//3 ~ = +1 
Figure 2.2 Three one dimensional isoparametric Lagrangian 
elements. 
The displacements at each node are given by 
0. 
i 
T [u.,w.,e.] , i i i 
and the element displacement vectors are written as 
where 
i 2 for the two noded element, 
i = 3 for the three noded element, 
i 4 for the four noded element. 
The Lagrangian shape functions associated with each element 
type are: 
for the 2 noded element: N1 = ! (1 - ~) 






for the 3 noded element: N1 = s/2 <s - 1) 
N2 = <1 - s
2) 
N3 = s/2 <s + 1) 
(2.12) 
for the 4 noded element: N1 = -9/16 (1/9 - s
2)(1 - s) 
N2 = 27/16 (1 - s2) <1/3 - s) 
N3 = 27/16 ( 1 - s2) (1/3 + s) 
N4 = -9/16 (1/9 - s
2)(1 + s) 





N. (s) o. 
i i 
where N = Total number of nodes in the element. 
(2.13) 
Similarly, the element geometry can be expressed in terms 
of the Lagrangian shape functions and the local element 





N. (s) x. 
i i 
(2.14) 
The natural/element cartesian transformation is achieved 
by the use of the Jacobian Matrix, which in the one 
dimensional case is just a scalar operator, given by 
J <s) 
dx 
ds (2. 15) 
In equations (2.14) and (2.15) x. defines the local cartesian 
i 
co-ordinate . 
The element strains can now be written in terms of the 
element nodal displacements as 
e: (2. 16) 




Both B and £comprise the axial, flexural and 
shear terms and can be written as 
B = 
' T 
£ [ £ ' £ f' £ ] a s 
The strain-displacement formulation in terms of the 
Lagrangian shape functions is 
dN. 
1 
0 0 £ dx u. a 1 
N dN. 
E 0 






1 - N. 6. £ dx s 1 1 










Recalling the total potential energy equation for the 
system (eq. 2.9) we can now express the total potential 
energy of the structural system as the sum of the energy 
contributions of the individual elements. Thus, 
n = E n 
e 
e 








Equation (2.9), expressed in terms of an element, is 
.e 





f [oe]T [N]T pA dx 
0 
P(y)w P(x)u ce , 
where dx = det J(~)d~ J(~)d~ 
The elastic material constitutive properties EA, EI, GA . a 
are expressed in terms of elasticity matrices D , Df, D , -a - -S 
respectively. 
By minimising the element potential energy with respect to 
nodal displacements 












f B T D B dx _a _a _a 
0 
.e 
f T ~f ~f ~f dx 
0 
.e 
f B T D B dx _s _s _s 
0 
.e 




f [N]T q dx 
0 
P(y)w + P(~)u + CS . 
(2.19) 
+ 
These matrices are all in the local element co-ordinate 
system. In order to assemble a global stiffness matrix 
for the whole structure, these element matrices have to 
be transformed to global co-ordinate system. The local 
and global co-ordinates systems are illustrated in 






where node i of local co-ordinates (x., 0) has global 
1 
co-ordinates (X., Y.) 
1 1 
Figure 2.3 Local and Global Co-ordinate Systems. 











' ' e 
~NN 
where: N = 2 for two noded element, 
N = 3 for three noded element, 
N = 4 for four noded element 
e and its submatrix T .. is expressed as 
_11 
cos e 
e T.. = sin e 
_11 
0 
-sin e 0 
cos e 0 
0 
where e is the angle between the element local x axis 




Hence the element stiffness matrix expressed in the 
global co-ordinate system is 
= (2.20) 
To assemble a global force vector, F , the terms in the 
e element load vectors, F , have to be transformed to the 
global system. The sign convention for the nodal loads 
is given in Figure 2.4(a). 
The calculation of distributed loading equivalent nodal 
loads for an element, in terms of the global system is 
given as 
p -cos a sin a 0 qxi xi 
+1 




l. i (2.21) 
where q . , q . and m. are the values of the intensity of 
xi yi i 
16. 
the tangential, normal and·moment distributed load components 
at each node in an element. The sign conventions for the 
components are given in Figure 2.4(b). 
The calculation of mass proportional loading (body forces) 
equivalent nodal loads for an element, in terms of the 









yi COS CL 
where g is an acceleration constant acting at an angle CL 
measured anti-clockwise from the global Y axis and p is 




For gravitational loading g ~ 9.81 m/s 2 and as 180°. 
Note m. ~ 0 in this case. 
l 
The point loads and moments P(x)., P(y). and c. applied 
l l l 














Figure 2.4(b) Positive Sign Convention for Element Distributed Loading. 




2.4 Layered Model 
In the layered model the beam section is discretized into a 
number of layers. It is assumed that the stress at the centre 
of the layer is representative of the entire layer. 
The actual stress distributed through the depth of the section 
is, therefore, modelled by a piecewise constant approximation. 
Consequently a more realistic $Olution is obtained as the 
numbers of layers are increased. This is illustrated in 
Figure 2.5 where the approximation to the linear elastic stress 
distribution for a rectangular section under pure bending is 
compared using two layers and six layers. 
As depicted, the two layer approximation is far too crude, 
whereas a more refined solution is obtained using six layers. 
The stresses in each layer are given by uniaxial stress ox£ 
and a shear stress Txz£' where ox£ is comprised of contributions 
due to axial and bending strain. These stresses in the linear 
elastic case are expressed as 
= + 
(2.23) 
The material constants EA, EI, GA and the stress resultants 
M, N, Q are calculated from the integration of the contributions 
from each layer over the depth of the section. The second moment 
of area of the cross-section about the axis of bending, I, and 
hence the resultant bending moment, M, are calculated by the mid-









•--- 2 layered 
approximation 
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Stress Distribution Approximation using Two Layers to Model the Section 
+d/2 
I--- actual linear 
1 stress distribution 
6 layered approximation 











Stress Distribution Approximation using Six Layers to Model the Section 
z.e is the z co-ordinate to the middle of a layer from the neutral axis 
- crx.e is the representative stress of the layer 
Figure 2.5 Approximation to the Linear Elastic Stress Distribution of 
the Section using the Layered Concept . 
• 
• t 
Using the fact that a realistic approximation is obtained using 
more layers, the exact formulation of I, which is given as 
I = 
is approximated by 
As with more layers, the layer thickness, t£' becomes small 
and hence the term 
tends to zero very fast. 
Thus the material constants are expressed as 
EI = E E£ b£ t£ z 2 
£ £ 
EA = E E£ b£ t£ 
£ 
GA = _!_ E G b£ t£ a £ £ 
(2.24) 
































T dzdy xz 
= (2.25) 
= 
Layers of different thickness and material properties can be 
employed, as well as different numbers of layers per element. 
This enables the modelling of composite cross-sections and 
varying cross-sectional shapes. 
2.5 Numercial Integration 
Two types of numerical integration are used to calculate the 
21. 
elastic stiffness matrix and load vector: Gaussian Quadrature and 
Newton-Cotes Quadrature. Gaussian Quadrature is used due to its 
efficiency as a more accurate solution is obtained for less sampling 
points. The Newton-Cotes Quadrature is used as the sampling points 
are positioned at structurally important points, like nodes. The 
,,... 
effects in terms of accuracy and efficiency of these two 
integration schemes are compared. 
2.5.1 ·Gaussian Quadrature 
The Gauss-Legendre rules are applied, Bathe [15]. A 
table of coefficients (sampling points and weights) 
for the interval -1 to +1 for the integration orders 
used in this work is given in Table 2.1 . 
• 
• 
n F; • w. 
l. l. 
1 0.000000 2.00000 
2 + 0.577530 1.00000 -
3 0.000000 0.888888 
+ 0.774597 0.555555 -
4 + 0.861136 0.347855 -
+ 0.339981 0.652145 -
where n no of sampling points 
f;. natural co-ordinate of sampling point 
l. 




For this integration scheme a polynomial of order (2n - 1) 
will be integrated exactly using a n - point Gauss-Legendre 
rule. 
2.5.2 Newton-Cotes Quadrature 
For Newton-Cotes integration a similar table of coefficients 
for the interval -1 to +1 for the integration orders to be 
used in this work is given in Table 2.2 . 
n F; • w. 
l. l. 
2 + 1.000000 1.000000 -
3 0.000000 1.333333 
+ 1.000000 0.333333 -
5 0.000000 0.2666667 
+ 0.500000 0.711111 I -
+ 1.000000 0.1555556 -
7 0.000000 0.647619 
+ 0.333333 0.0642857 -
+ 0.6666667 0.5142857 -





The four and six point Newton-Cotes integration rules 
have been omitted as the 3 and 5 point rules have the 
same order of accuracy respectively, Bathe [15]. For 
this scheme a polynomial of order (n - 1) will be 
integrated exactly using a n - point Newton-Cotes rule. 
2.5.3 Reduced Integration 
As mentioned at the beginning of this Chapter, the 
Timoshenko elements exhibit what is known as "locking" 
23. 
when used to model thin sections. As the depth of the 
section is decreased, the bending contribution to the 
stiffness tends to zero much more rapidly than the shear 
contribution, leaving the shear terms to dominate the 
behaviour. This usually results in overstiff responses. 
This problem may be alleviated by using reduced integration 
. \ . 
schemes to integrate the stiffness matrix, Hughes et al [16]. 
This technique is used for the two integration schemes and 
its effect on the solutions is investigated. 
A table showing the orders of the polynomial appearing in 
the elastic stiffness matrix and its corresponding full 
and reduced integration rules for the two schemes are 
given in Table 2.3. 












2 2 GP 
3 NCP 
4 3 GP 
5 NCP 
6 4 GP 
7 NCP 
Gauss-Legendre sampling points 












2.5.4 Integration of Stiffness Matrix and Consistent Load Vector Terms 
Using a n-point integration rule the integration of the element 
stiffness matrix, Ke, is given as 
n 
L [B(~.)]T DB(~.) 
i= 1 - 1 - 1 
w. det J(~.) • 
1 1 . 
(2.26) 
Similarly, the distributed loading contribution to the load 
vector is calculated as 
.e 
f T [N] qdx = 
n N 
L L 
i= 1 j= 1 
N.(~.) q w. det J(~.) , 
J 1 1 1 
(2. 27) 
0 
where N is the total number of nodes in the element. 
The,mass proportional loading contribution to the load vector 
is given as 
.e 




i= 1 j = 1 
N.(~.) pgA w. det J(~.) • (2.28) 
J 1 1 1 
In equations (2.26), (2.27) and (2.28) the terms~. and w. 
1 1 
are obtained from tables 2.1 or 2.2 for Gaussian Quadrature 




ELASTIC-PLASTIC CONSTITUTIVE MODEL FOR THE LAYERED ELEMENT 
3.1 Introduction 
Uniaxial elastic-plastic constitutive relations are used to model 
the material behaviour in the layered beam/frame element. In each 
layer the uniaxial contribution of the axial and flexural stresses 
must satisfy the yield condition for plasticity to occur. The 
shear stress-strain relation is assumed to be elastic. It is 
assumed that the entire layer becomes plastic once the yield 
value is attained at the centre of the layer. 
In this chapter, the basic equations of plasticity for the one 
dimensional case are discussed (Martin (17]) and the progressive 
plastification of the section is illustrated using the layered 
concept. 
3.2 Uniaxial Elastic-Plastic Behaviour 
The uniaxial behaviour of a layer under monotonic loading is 
illustrated in Figure 3.1 by an idealised linear strain hardening 
stress-strain curve. The behaviour is divided up into three parts 
as indicated on the curve. These are described as follows: 
1.' The material initially exhibits a linear elastic behaviour 
with the slope of the curve equal to the elastic modulus E.e. 
At the point a £. = a the material yields and undergoes x y 
linear strain hardenin'g, The slope of the response is now 
described by the tangential modulus ET£.' 
2. The material is loaded up to a stress ox.e =. o*i' where 
o > o The load is removed and the {;tress is reduced 
*1 y' ' 
to zero with a elastic response of slope E.e. Permanent 
25. 
deformation will have occurred. This gives a residual strain 
called plastic strain, £x~ • With reloading the material 
responds elastically until a .e = o* , where o* is now the 
x 1 l 
current yield stress. Reyielding occurs and the curve follows 
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3. The stress is increased to a .e = a* , where o* > a* > a . x 2 2 1 y 
At this point the load is reduced to zero and increased in 
the opposite sense until a negative (compressive) yield 
stress a* is reached. The material then undergoes compressive 
. 3 
inelastic deformation with further increase in stress. 
From the curve we can see that the linear elastic behaviour 
is bounded by a positive tensile and negative compressive 
yield stress. If the stress moves out of the linear range, 
inelastic deformation occurs and the yield range changes. 
3.3 Yield Condition 
The yield range can be represented by a yield function 
(3.1) 
where H (a= 1 .•• n) denotes the internal parameters which a 
constitute the recorded history of the material behaviour. In 
this model we include kinematic and isotropic hardening as 
p 
special cases. Therefore, we have two parameters H1 = £x.e and p 
H2 = WP. £x.e is the plastic strain and WP is the plastic work 
given by 
(3. 2) 
Thus the yield function is expressed to include the kinematic 
and isotropic models as 
4> = 
Note: 4> < 0 implies linear elastic behaviour, 
4> = 0 means yielding is possible, 
4> > 0 cannot be achieved. 





There are two possibilities when ~ = 0 
i) ~ < 0 ' 
the material is being unloaded and no change in 
plastic strain occurs. 
ii) ~ = 0 ' the material is being loaded and increments in 
plastic strain occur. 
3.3.1 Yield Condition for Perfect Plasticity 
For the perfectly plastic case the yield function is 
where 
and yielding occurs when 
3.4 Constitutive Relations 
During yielding, the total strain increment de:x.e is decomposed in 
classical plasticity fashion as 
= + 











and the plastic strain increment is proportional to the gradient 
of the yield function. Thus 
= 
where A is the proportionality factor. Equation (3.10) is 
normally referred to as the flow rule. 
The equations for total strain are .then expressed as 
and 
for ~ < 0 
and ~ = 0, ~ < 0 
A~ , for ~ = 0, ~ = 0 . 
oCJ x£ 
3.4.1 Perfect Plasticity 
For the perfectly plastic case 
0 








Eliminating A from equation (3.11b) gives the constitutive 
equations 
dax£ = E.edEx.e , for ~ < 0 







For the hardening case 




= 0 • 
Hence 
a~ A. 
a~ a~ ~ 
<-a- do .e) 
(--p + W- ox£) ox£ x 
d£x£ p aox.e 
+ G a~ = <-a- do .e) 
ox£ x 
then 
p a~ a~ 
d£x£ G <-a- do .e) 
aox.e ox£ x 
with. a~ a~ a~ > 0 • = (--p + aw 0 x.e) G 







The incremental stress-strain relation 1s then evaluated as 
or 
= 
1 + EnG (~) 2 
.c. aax.e 
This 1s more generally written as 
or 





The full set of constitutive relations 1s given as 
dax.e = E.ed£x£ ' for 
cj> < 0 
or cj> 0 and (~) d£x£ ;;; 0 aax.e 
and (3.21) 
dax.e = ET£ d£x£ for cj> = 0 and (~) d£x£ > 0 . aax.e 
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• 
3.5 Hardening Rules 
The hardening rules incorporated in this elastic-plastic 
formulation include the linear kinematic and linear isotropic 
hardening rules. 
3.5.1 Linear Kinematic Hardening 
In the case of linear kinematic hardening the magnitude 
of the elastic range remains fixed but translates up and 
down the ox£ axis. This is illustrated in Figure 3.2. 
The yield function is defined as 
- 0 2 
y 
where H'.e is a linear strain hardening parameter. 
(3. 22) 
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This yield function is independent 
is satisfied since ~t = O. 






= 4H' o 2 £ y 
p 
Hence equation (3.19) becomes 
= 
= 





















3.5.2 Linear Isotropic Hardening 
In the case of linear isotropic hardening the elastic 
range expands uniformly without translation on the ax£ 
axis. This is illustrated in Figure 3.3. The yield 
function is defined as 
$ = a 2 - a2 
x£ 
where a = a 2 (1 + c W ) y p 
(3. 25) 
with c same constant and W expressed in equation (3.2). 
p 
34. 
This yield function is independent 
a$· 
p 
of E:x£ hence equation (3.15) 




(~W$ crxn) -2.P__ > 0 
0 p .{, aax£ 
= 2c a 2 a 2 x£ y 
Hence equation (3.19) becomes 
where the tangent modulus ET£ is constant. 
(3. 26) 
(3.27) 
For this model c = 
2H' £ 
a 2 where we obtain the same value 












3.6 Elastic-Plastic Matrix 
The elastic-plastic matrix Dep of an element whose terms were derived 
for the elastic case in Chapter Two section four, is given as 
Dep = [
EA ~ o l 
0 EI 0 
0 0 GA 
(3.25) 
where E is a resultant elastic-plastic modulus for the layered section. 
It is obtained from the integration through the depth of the section of 
ET£ values for those layers which are·actively yielding and E.e values 
for those which remain elastic. 
3.7 Modelling of the Propagation of Plasticity through a Section 
The modelling of the propagation of plasticity through the section 
is made possible by the use of the layered section concept. In 
order to model this satisfactorily, a number of layers must be 
used in the section. The whole section is said to have yielded 
once all the layers have yielded. This spread of plasticity 
through the section is illustrated in Figure 3.4 for the pure 
bending case. 
The effect of axial force on the stress distribution and the yielding 
of layers is illustrated in Figure 3.5. As the flexural and axial 
stresses contribute to the uniaxial stress in each layer, the stress 
distribution is shifted by a constant, o .e· The neutral axis is xa 
shifted below the position corresponding to pure bending for added 
compressive axial stress and above this position for added tensile 



























Increase in Load 














a) The highest stresses occur in the outermost layers but 
they are still elastic, ox£ < oy 
b) The outermost layers yield first, a - 0 ~ x£1 - x£6 = vy 
a 
y 
c) Plastification progresses towards the centre of the section 
d) The whole section has yielded 







for Pure Bending I 
and Bending 
(j (j 










for Combined ·Bending 







The unia.xial stress in 

















a) The highest stresses occur on the on~ side of the section but 
they are still elastic, ax£ < oy 
a y 
b) The outermost layer on the side with the highest uniaxial stress 
yields first, ox.el = cry 
38. 
c) & d) Plastification propagates towards the neutral axis from one side. 
Figure 3.5 Yielding of Layered Frame under Combined Bending and 






The software necessary to carry out the nonlinear stability analysis 
of beams and frames was developed within the framework of NOSTRUM [13], 
an existing finite element program for the static and dynamic non-
linear analysis of plane continua and stru~tures. NOSTRUM was used 
as the starting basis as it has the required equation solving routines 
and the basic algorithms necessary to carry out nonlinear analysis and 
to model nonlinear geometric behaviour. The additional routines needed 
for the present problem were added. These additions incorporate the 
layered Timoshenko beam/frame elements, the uniaxial elastic-plastic 
constitutive models and the associated loading, numerical integration 
and co-ordinate transformation sub-routines. 
This chapter starts with a brief description of NOSTRUM. The incre-
mental/iterative solution procedure used and the assumptions made in 
conjunction with the geometric algorithm are then discussed. Finally, 
the program structure developed for the solution of the st.ability 
problem is described to illustrate the changes and additions made to 
the basic NOSTRUM code. 
4.2 Overview of NOSTRUM 
The features of NOSTRUM relevant to the present work are briefly 
sunnnarised in this section. 
The fundamental framework upon which NOSTRUM is built is a general 
incremental solution strategy employing a tangent stiffness approach 
which allows both linear and nonlinear analysis to be performed . 
Incorporated into the incremental solution is an equilibrium iteration 
procedure of sufficient generality to allow a number of nonlinear 
solution techniques such as the initial stiffness method and the 
Newton Raphson and modified Newton Raphson methods to be employed [13]. 
• 
For static analysis the equations of equilibrium are solved using 
an out-of-core frontal solver. 
The original structural element library included truss, spring and 
beam elements. The beam elements were two node Hermitian straight 
line elements based on classical Euler-Bernoiulli bending theory. 
The only constitutive option available for these elements is linear 
elasticity. 
The Updated Lagrangian formulation is used to describe the nonlinear 
geometric behaviour of the finite element model. 
Different types of loading associated with the various element types 
are available. In addition, prescribed displacements may be applied 
at any node to give in effect a strain controlled loading program. 
Each load is governed by a continuous time function which specifies 
40. 
the relative magnitude of the load at a given time step in the analysis. 
The procedures used for the solution of the nonlinear equations and 
modelling of the nonlinear geometric effects are discussed in more 
detail in the following sections. 
4.3 Solution of Nonlinear Equilibrium Equations 
This procedure uses an equilibrium iteration scheme based on the 
Newton Raphson method. The load is applied incrementally and two 
successive values of the total load are identified as :t and :t+6t 
so that the load increment is 
M = (4.1) 
It is assumed that an acceptably accurate set of displacements is 
known for the loading :t· By this we mean the displacements ~t' 
together with the previous history, lead to internal forces R such 
~t 
that a norm of the residual <:t - !t) is within a specified tolerance. 
Assume now that the i-th estimate of displa~ements for load :t+8t 
is ~ 1 t+8t. This leads to internal forces ~
1 t+8t which are not 
equal to the loads Ft+
8
t. In order to improve the displacement 
1 




~ t+M + 
where ~i.1 1 is calculated from the equii'ibrium equations as 
~ui i -1 
<:t+8t 
R1 ) = (K t+8t) - t+8t 
i -1 ijll = (K t+8t) 
(4.2) 
(4.3) 
This iterative process is continued until a norm of the residual 
1j11 = (F - R1 A ) is reduced to an acceptable tolerance. At _t+8t _ t+ot 
this point, the solution moves to the next load step. 
There are a number of options in the program regarding the choice 
of the stiffness matrix Kit A • The full Newton Raphson option is 
i _ +ot 
used, where K A lS updated at each iteration, in order to include 
_ t+ot i 
the improved estimate of displacement~ t+8t. It lS used in this 
work as geometrical nonlinearity is involved, but is expensive in 
computer time in that the stiffness matrix must be reformulated and 
re-inverted at each iteration. 
4.4 Integration of the Constitutive Equations 
To complete the procedure established in the 
calculation 
1 
of R t+8t has to be dealt with. 
from the stresses 01 - t+8t 
at each integration 
= f BT o1 - t+8t dVe Ve -






where the superscript e denotes element e with volume V and B lS 
e 
the strain displacement matrix. 
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[B ]T Q + f dx _s 
0 
where N, Mand Q are the axial, flexural and shear stress 
resultants calculated ~rom the integration through the depth 
and breadth of the section of the uniaxial stresses ax£ and 
shear stresses Tx£ of each layer, respectively. This is given 
in equation (2.25). 
For the purpose of this section ax£ and £x£ will be simply 
written as a and £. 
i 
The calculation of the internal forces ~ t+~t requires that we 
be able to integrate the constitutive equations through the 
incremental iterative process of analysis. For this, at each 
integration point, one has to satisfy the incremental relations 
do = Dep d£ 
where = for elastic states (4.6) 
or = ET£ for elastic-plastic states, 
for each increment in load. In a displacement based formulation 
the strain changes are known for every load increment and the 
corresponding changes in stress have to be evaluated according 
to equation (4.6), together with the changes in internal variables . 
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The stresses at the increment t+~t for the i-th equilibrium 
iteration can be calculated as follows: 
i 
0 t+~t = + (4.7) 
where at represents the equilibrated stresses at increment t. 
Bathe [15] emphasises that the integration should be done from 
an equilibrated state which has previously been obtained, for 
instance the previous step as indicated in equation (4.7). 
However, in quasi-static problems where relatively small 
changes in stress .are likely to occur in each increment, 
equation (4.7) can be relaxed for ease of computation. Owen 
and Hinton [14] suggests 
i 





at+~t + Ao 
Equation (4.8) is used in the present calculations. 
(4.8) 
The integration of equation (4.8) can be performed explicitly 
in the uniaxial model. This procedure is explained in detail 
in Owen and Hinton [14] and will not be repeated here. 
4.5 Nonlinear Geometric Formulation and Assumptions 
An Updated Lagrangian formulation is used to model the non- -
linear geometric behaviour. At step t we use as a reference 
'configuration of the configuration at the previous step t-At; 
this is in contrast to the total Lagrangian formulation where 
the reference configuration is the initial configuration at 
step t=O. Certain assumptions on the element geometry are 
made in conjunction with this formulation. It is assumed 
that the elements remain straight and the internal element 
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nodes maintain their relative positions during and after 
spatial displacement. Thus the local reference axis always 
passes through the end nodes of the element. There are no 
added geometric terms in the stiffness matrix. Consequently, 
small increments are used to capture the changes in the 
tangential stiffness matrix. To assess the ability to model 
nonlinear geometric behaviour, large displacement pure bending, 
buckling and post-buckling analysis of a cantilever were carried 
out. These results, presented in Chapter 5, are compared to 
published results obtained for the same problems. 
4.6 Software Structure 
As stated in the introduction to this chapter, the program 
structure for the solution of the stability problems is built 
into the NOSTRUM framework. NOSTRUM has a modular structure 
in that it is broken down into a large number of subroutines 
each of which perform a well defined task. These subroutines 
may be graded according to the level of generality of the task 
they perform. This lends itself to a well-defined overlay 
structure in which each primary subroutine constitutes the 
basis of its own functional module. New features are thus 
added effectively by simply adding on separate subroutines 
via a single CALL statement in the code. 
The parts of the NOSTRUM structure relevant to the solution of 
the nonlinear stability problem are illustrated in Figure 4.1. 
The additional subroutines incorporate the layered Timoshenko 
elements, together with the associated loading, geometric and 
constitutive models. A description of the program is given in 
the following paragraphs. 
The highest level subroutines perform primary functions such 
as directing the order of calculations, controlling the iterative 
solution procedure, solving the equilibrium equation, reading in 
of data and printing out of results. 
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The order of element calculations and calculation of residual 
vector are controlled by LOADS, STIFFN and RESIDU: 
LOADS controls the calculation of the element load vector, 
e 
: t+t.t 
STIFFN controls the calculation of the element tangential 
'ff . eKi sti ness matrix, A _ t+ut 
RESIDU controls the formulation of the residual load vector, 
i 
~ t+t.t . 
The incremental iterative solution procedure is controlled by 
INCREM, UPDAT and CONVER: 
INCREM sets up the current load increment, 6.F and updates the 
total load vector F = F + ~F _t+t.t _t -
Similarly for prescribed displacements the current 
increment in displacement and the total displacements 
are set up. 
UPDAT updates the total displacements and geometry, 
i+1 i . i u. =u +~u 
_t+t.t _t+t.t -
CONVER checks the convergence of the iterative process. Con-
vergence is reached when the following condition is 
satisfied: 
!I : t+t.t ~i t+M II 2 
x 100 ~ FTOL 
II ~t+t.t II 2 
where FTOL is a force tolerance and II xn II is the 
Euclidean vector norm defined as 
= 
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The solution of the incremental equilibrium equation K ~u = $ 
is carried out by subroutine FRONT: 
FRONT is a synnnetric, out-of-core frontal solution procedure. 
Its function is to assemble the contributions from 
each element to form the global stiffness matrix and 
global load vector and to solve the resulting set of 
simultaneous equations by Gaussian elimination. 
The reading in of the necessary data, initialising of arrays 
and printing out of results is carried out by subroutines 
INPUT, ZERO and OUTPUT respectively. 
The second level subroutines control the calculations relating 
to each element class such as the present structural elements. 








checks the validity of the input data; 
controls the mass proportional loading calculations; 
controls the distributed loading calculations; 
controls the formulation of element stiffness matrices; 
controls the calculation of the internal load vector; 
prints out the corresponding stress resultants, stresses 
and strains. 
The third level of subroutines relate to a specific element type 
within the element class. ;The subroutines ISOGRV, ISOEDG, SBEAMN, 
GLOBNL and TSBEMN which were added in the present work relate 
specifically to the Layered Timoshenko Lagrangian element family. 
The task of each subroutine is described as follows: 
ISOGRV calculates for each element the equivalent nodal loads 
for mass proportional loading. The loading is divided 
into each node using the Lagrangian shape functions, 
N. (~),according to equations (2.22) and (2.28). 
l. 
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ISOEDG calculates the equivalent nodal loads for a constant 
or linearly varying distributed load or moment. The 
distributed loading is divided into each node as 
described by equations (2.21) and (2.27). 
SBEAMN calculates the elastic-plastic tangential stiffness 
matrix of the element. 
GLOBNL calculates the associated element space transformation 
f 
matrix. 
TSBEMN calculates the layered elastic-plastic constitutive 
relation and residual vector. 
The fourth level of subroutines are used in the calculations 
of the element load ve~tors, tangential stiffness matrix and 
residual load vector. The subroutines COTE, GAUSS, SHAP1D. 
JACOB1, MODP, LAYER, BMATB and DBE which were added in the 
present work are used specifically in these calculations of 
the Layered Timoshenko, Lagrangian elements. The task of 







sets up the Newton Cotes quadrature integration coef-
ficients given in Table 2.2. 
sets up the Gauss Legendre integration coefficients 
given in Table 2.1. 
defines the Lagrangian element shape functions, N.(~), 
l. 
given in equation (2.12). 
calculates the element Jacobian operator, det J (~). 
sets up the element elastic-plastic matrix D _ep 
calculates the terms EA, EI and GA in the elastic-plastic 
matrix, D , by integrating the values corresponding to _ep 
each layer over the depth of the section. 
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• 
BMATB calculates the associated element strain displacement 
matrix given in equation (2.16). 
DBE carries out the matrix multiplication D B needed as _ep_ 
part of the element stiffness matrix calculation • 
48. 
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JACOB1 
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0 FRONT 1-1 
E-1 
~ 
~ UPDAT 1-1 
COTE/GAUSS 
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The numerical examples are aimed at providing the experience 
necessary to give guidelines for routine analysis of nonlinear 
frame stability problems as well as to validate the algorithms 
implemented. 
This chapter is divided into four sections. The first section 
deals with the investigation of the influence of element dis-
cretization and numerical integration on the elastic and elastic-
plastic finite element solutions. The second section examines 
the results of small strain, small displacement beam examples 
with different loading conditions, boundary conditions and cross-
sectional shapes. In the third section the ability to simulate 
elastic and elastic-plastic large deflection bending and buckling 
problems is considered. The nonlinear geometric behaviour of a 
cantilever beam-column is compared to results published by Tang 
et al [18). Finally, in the fourth section, the nonlinear stability 
of a two storey frame is modelled. The elastic buckling and the 
plastic failure loads obtained for the frame are compared to the 
experimental results of Scholz [6]. 
5.2 Influence of Element Discretization and Numerical Integration 
The effect that the number of elements, the different integration 
rules and the different Lagrangian element types have on the 
accuracy of the finite element solution is investigated in this 
section. The full and reduced Gauss Legendre and Newton Cotes 
integration rules given in Table 2.3 are used for each element 
type. The element types employed are the linear (two noded), the 
quadratic (three noded) and the cubic (four noded) Lagrangian 
elements. 
so. 
The numerical results are compared to analytical solutions for 
the elastic case as well as for the elastic-perfectly plastic 
case. 
The analytical solutions for the elastic problems are obtained 
from the Principle of Virtual Work. The compatability equation 





* 1. 0 = f m K dx + f s y dx 
0 0 
where: 
K M/EI ; 
y = S/GA A. = A/1.5 ; ' 
* * * m ' s ' y are the bending moment, shear force and 
deflection of the virtual system respectively. 
The analytical solutions for the plastic limit load are based on 
a rigid-perfectly plastic moment curvature relationship which 
neglected the effect of shear. 
The structure used in this study is a rectangular cross-section 
cantilever beam subject to a point load at its end. The geometrical 
and material properties for this model are given in Figure 5.1(a). 
5.2.1 Comparison of the Elastic Solutions 
A comparison of the percentage error obtained for the 
elastic tip displacement is illustrated in Figures 5.2 
and 5.3. This percentage error is defined as 
% Error = o analytical - o numerical x 100 
o analytical 
where o is the transverse tip displacement. 
The analytical solution will be termed the exact solution 




For all the element models the solution converged on 
a displacement result which is within 2.6% of the exact. 
This discrepancy is related to the insufficient number of 
layers in the section (six layers in this case). The 
error is reduced to 0.9% when ten layers are used to model 
the section. It must be remembered that the layered model 
is only an approximation discussed in section 2.4. 
From Figure 5.2 it is clear that the percentage error for 
the linear element solutions reduces with an increase in 
element discretization density. The reduced Gauss Legendre 
integration rule (1GP) yields results with the lowest errors 
showing comparatively rapid discretization convergence for 
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six elements to within 2% of the exact. With further elements ,. 
the solution converges to a value within 2.6% of the exact. 
The largest errors are obtained using the reduced Newton Cotes 
integration rule (2NCP) and discretization convergence is slow. 
Figure 5.3 shows the results obtained with the quadratic and 
cubic elements where similar accuracy and convergence trends 
are evident. The decrease in error with an increasing number 
of elements, for all integration rules, is more rapid for 
these two higher order elements. The solutions obtained 
converge on a result which is within 2.6% of the exact. 
In conclusion it can be said that for all elements the most 
accurate elastic results are achieved with reduced Gauss 
Legendre integration. 
Influence of Element Discretization on the Plastic Limit Load 
In the load versus deflection responses for the elastic-
perfectly plastic problems presented in this section and 
throughout the rest of this chapter, plastic collapse is 
indicated as a horizontal line of constant load with in-
creasing displacement. Numerically, this occurs when the 
whole section becomes plastic (zero stiffness in the perfectly 
plastic case) at a specific number of Gauss points which make 
the structure a mechanism. No further numerical solutions can 
then be obtained for further increase in load. 
As the trends in the solutions using the three different 
elements are similar only the two noded element with 
reduced Gauss Legendre integration rule (lGP) is used to 
study the effect of element discretization on the plastic 
limit load. 
The percentage error in the plastic limit load is defined as 
% error 
P numerical - P analytical = x 100 ' 
P analytical 
where P is the value of the plastic limit load. 
The elastic-plastic solutions obtained with a number of 
different discretizations are illustrated in Figure 5.4 
where it becomes clear that increasing the number of 
elements from two to six decreases the error in limit 
load from 105% to 9%. It is evident that with an increase 
in the number of elements the element size decreases and 
thus Gauss points are positioned closer to the support. 
This permits a more accurate monitoring of the inelastic 
behaviour in the support zone resulting in better estimates 
of the limit load. 
Using this idea the cantilever beam is modelled using a 
small four noded element next to the support and one three 
noded element for the rest of the beam. This model is 
illustrated in Figure 5.l(b). The corresponding elastic-
perfectly plastic load-deflection response is plotted in 
Figure 5.4. The error in the limit load solution for this 
mesh is 1.3%. 
In conclusion, an efficient model of the structure can be 
set up by using small elements to model the inelastic zones 
and large elements for the remaining parts of the model. 
The small elements mean Gauss points close enough to the 
plastic 'hinge' positions which permit the accurate 
modelling of the plastification process. Prior knowledge 




This can be 'established by initially modelling the 
structure with a crude mesh and identifying the zones 
of highest stress. 
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Influence of Numerical Integration on the Plastic Limit Load 
In this section the effect on the plastic limit load due to 
the different .integration schemes for the three types of 
elements is investigated. A seven noded finite element 
mesh is chosen to model the cantilever beam. Thus for the 
linear, quadratic and cubic elements the model is dis-
cretized using six, three and two elements respectively. 
The elastic-perfectly plastic load-deflection responses 
for each element type are illustrated in Figures 5.5, 5.6 
and 5.7. 
The lowest errors in limit load are obtained for each element 
type using reduced Gauss Legendre integration rules. For 
this integration scheme the error in limit load decreases 
from 10.3% for the linear element model to '5.4% for the 
cubic element model. The largest errors in limit load are 
obtained using the reduced Newton Cotes rules where the error 
decreases from 89% for the linear element model to 18.6% for 
the cubic element model. 
In conclusion, it can be said that the best results are 
obtained for each element type using reduced Gauss Legendre 
integration. In addition, there is reduction in error with 
an increase in the order. of the element .used in the model 




1. Material Properties 
E = 210 x 106 MPa 
G 80.769 x 106 MP a 
I = 337.5 x 10-6 m4 
\) = 0.3 
a = 250 x 103 MP a y 
m2 A = 0.045 
A = A/ 1 .5 















using 6 equal layers of 
0. 05 x 0. 15 
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Figure 5.1(a) Geometric and Material Properties of Cantilever Test Model. 















6 1. 000 
Figure 5.1(b) Refined Finite Element Model using One Four Noded Element 
and One Three Noded Element. 
































































































Three Noded Element Results 




2GP, 3GP, 3NCP, SNCP 
-10% 
Figure 5.3 Error Analysis for the Three and Four Noded Element Models in the Elastic Range. 
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5.3 Small Strain, Small Displacement Beam Examples 
Three examples are chosen to investigate the effect different 
loading conditions~ boundary conditions and cross-sectional 
properties have on the finite element solutions. For each 
example a three meter beam is modelled using ten linear elements 
with reduced Gauss Legendre integration (1GP). 
5.3.1 Simply Supported Rectangular Cross-Section Beam Subject 
To a Point Load at Midspan 
The geometric and material properties for this example 
are given in Figure 5.8. The elastic solution for this 
problem is within 1.8% of the analytical value. In 
Figure 5.9(a) a plot of the elastic-perfectly plastic load-
deflection response is shown. The error in the plastic 
limit load is 12%. The bending moment diagram at plastic 
collapse for the numerical and analytical solutions is 
given in Figure 5.9(b). The peak moment in Figure 5.9(b) 
is equal to the ultimate moment of the section, 843.75KNm, 
which is calculated from the material and geometric 
properties of the section. From this value the analytical 
limit load of the structure can be calculated. The numerical 
solution limit load is greater than the analytical value as 
no Gauss points are situated at the peak moment position. 
Hence the load has to be increased until the moment at the 
Gauss points closest to midspan reaches the value of the 
ultimate moment of the section. It is evident that a more 
accurate approximation to the limit load could be obtained 
using smaller elements in the midspan region. 
Figure 5.10 shows the effect of modelling the section with 
different numbers of layers on the quality of the elastic 
deflection. The elastic-perfectly plastic response for 
the two layered, six layered and ten layered models are 
shown in Figure 5.9(a). It becomes clear in this case that 
six to ten layers are necessary to model the section 




5.3.2 Clamped I Beam with Uniformly Distributed Loading 
The geometric and material properties for this example 
are given in Figure 5.11. The elastic solution is 
within 2.9% of the analytical value. A plot of the 
elastic-perfectly plastic response is given in 
Figure 5.12(a). The error in the plastic limit load 
is 26.4%. The bending moment diagram at plastic collapse 
for the numerical and analytical solutions is given in 
Figure 5.12(b). As described in the previous example, 
the peak moments in the bending moment diagram at plastic 
collapse are equal to the ultimate moment of the section, 
196KNm. As the degree of mesh refinement is crude in the 
vicinity of the peak moment locations, especially where~: 
is large, the value of the limit load is higher than that 
calculated from the ultimate sectional moment. 
In this example a study of the accuracy of the stress 
resultants calculated numerically for the different 
integration rules was carried out. It was found that 
the least errors were obtained using the reduced Gauss 
Legendre integration rule. 
5.3.3 Simply Supported I Beam with Uniformly Distributed Loading 
The geometric properties, material properties and loading 
conditions for this example are the same as those given in 
section 5.3.2. The elastic solution is within 0.9% of the 
analytical value. A plot of the elastic-perfectly plastic 
load-deflection response is given in Figure 5.13(a). The 
63. 
error in the plastic limit load is 2.8%. From Figure 5.13(b) 
it is clear that the bending moment values at the gauss points 
are very close to the analytical values with the highest errors 
being 1%. At the position of highest moment ~=tends to zero 
and hence a relatively crude mesh can provide an accurate 
approximation of the plastic limit load. 
' 
• 
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Six equal layers are used to Model the Rectangular Section. 
Figure 5.8 Finite Element Model with Geometric and Elastic Material 
Properties, for a Simply Supported Rectangular Cross-Section 
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Figure 5.9(a) Load Versus Mid-Deflection Elastic-Plastic Response. 
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Figure 5.9(b) Bending Moment Diagram at Plastic Collapse . 
Figure 5.9 Simply Supported Beam with Central Point Load. 
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- d is the thickness of a layer 
n 
- d is the depth of the section 
Figure 5.10 Effect of Layer Discretization of the Section on the Accuracy 
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Six Layers used to Model Cross-Section, One Layer 
(200 x 20) for each Flange and Four Layers (10 x 40) 
for the Web. 
Figure 5.11 Finite Element Model with Geometric and Elastic Material 
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Figure 5.12(b) Bending Moment Diagram at Plastic Collapse. 
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Figure S.13(a) Load Versus Mid-Ueflection Elastic-Plastic Response. 
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Figure S.13(b) Bending Moment Diagram at Plastic Collapse. 
' Figure 5.13 Simply Supported I Beam with Uniformly Distributed Loading . 
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5.4 Elastic and Elastic-Plastic Large Deflection Bending and 
Buckling Examples 
To evaluate the ability of the present simplified nonlinear 
geometric algorithm to model large deflection elastic and 
elastic-plastic problems, the four examples considered by 
Tang et al [18] are inve.stigated. These examples are: 
elastic-bending; elastic-buckling; elastic-plastic-bending; 
and elastic-plastic-buckling. In each example a rectangular 
cross-section cantilever beam is used. The geometric and 
material properties as well as the finite element mesh used, 
are given in Figure 5.14. 
Tang et al [18] use an Updated Lagrangian formulation. Their 
results which compare.favourably with an analytical solution [19] 
are used as a check for the numerical solutions given in this 
section. The loading increments used by Tang et al [18] are 
adapted in this work and no further attempt is made to investigate 
the efficiency of the solutions obtained with different loading 
increments. 
5.4.1 Elastic-Bending 
A load increment of ti.P = 44.48N, [18] , and a force 
tolerance of 0.5% are used in this analysis. In the 
present study, results could only be obtained for loads 
up to P = 2668N. This corresponds roughly to displace-
ments of the order of the dimensions of the structure. 
For higher applied loads the solution did not converge. 
Smaller load steps and slacker tolerances were used in the 
analysis but no further convergence could be achieved. 
There is a close agreement between the numerical results 
obtained and those given in reference [18]. The elastic 
load-deflection response is plotted in Figure 5.15. Some 
of the deflected shapes of the cantilever for loads up to 




A small transverse load of 44.8N is applied to the tip 
of the beam-column to trigger buckling. This load is 
maintained while the axial load P is increased. The plot 
of the elastic, buckling and post-buckling load-deflection 
response is given in Figure 5.17. Results were obtained 
for loads up to P = 38125.7N which.corresponds roughly to 
displacements of the order of dimensions of the structure. 
For higher loads the solution did not converge. Smaller 
load steps and slacker tolerances were used in the analysis 
but no further convergence could be achieved. The present 
numerical results are similar to those obtained in [18], 
al though at higher loads the two solut_ions deviate slightly. 
Buckling interpreted as a large increase in displacement 
for little or no increase in load occurs at a load similar 
to the small deflection theory critical buckling load, 
II2EI 
Per=~= 13718N. Some of the deflected shapes of the 
cantilever beam-column for loads up to P = 38125.7N are 
shown in Figure 5.18. 
5.4.3 Elastic-Plastic-Bending 
The load increment, ~ = 4.448N, suggested in [18] is used 
again together with a force tolerance of 0.5%. Results 
could only be obtained for loads up to P = 3378N which 
corresponds roughly to displacements of the order of the 
dimensions of the structure. For higher loads the solution 
did not converge. Smaller load steps and slacker tolerances 
were used in the analysis but no further convergence could 
be obtained. There is a close agreement between the 
numerical results obtained in this work and those in [18] 
The elastic-plastic load-deflection response is given in 
Figure 5.19. Some of the deflected shapes of the cantilever 





In this example a displacement controlled solution procedure 
-2 
using a prescribed axial displacement increment ~u = -2.54x10 mm 
is used in the analysis. A small transverse load of 155.7N 
applied to the tip of the beam-column is used to trigger the 
buckling mode. The plot of the elastic-plastic-buckling and 
post-buckling load-deflection response is given in Figure 5.21. 
The elastic-plastic-buckling is indicated by a region of the 
response where a sharp decrease in load occurs followed by an 
increase in displacement with no further change in load. The 
peak load obtained before the onset of elastic-plastic-buckling 
is 1340N. This value is greater than the value of 1200N 
obtained for the same problem in reference [18]. Smaller 
increments in displacement were used and the same results 
were obtained. 
The values obtained for the post-buckling behaviour are the same 
for both solutions. Some of the deformed shapes of the beam-
column for various amounts of prescribed displacement are shown 
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A is used to model the cross-section for the 
elastic analysis. 
B is used to model the cross-section for the 
elastic-plastic analysis. 
Figure 5.14 Geometric and Material Properties of Finite Element 
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Figure 5.15 Load versus Deflection Response for an Elastic Cantilever 
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Figure 5.16 Deformed Shapes for Various Amounts of Transverse Load 
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Figure 5.18 Deformed Shapes for Various Amounts of Axial Load 
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Figure 5.19 Load versus Deflection Response for an E~astic-Plastic 
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Figure 5.20 Deformed Shapes for Various Amounts of Transverse Load Acting 
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Deformed Shapes for Various Amounts of Specified Tip Displacement 
for the Elastic-Plastic Cantilever Beam. 
5.5 Nonlinear Stability Analysis of a Two Storey Frame 
The nonlinear stability analysis of the two storey frame analysed 
by Scholz [6] is carried out. Results obtained by Scholz from 
laboratory experiments and numerical analysis of the frame are 
82. 
used for comparison purposes. The geometric and material properties 
given by Scholz are shown in Figure 5.23. In addition, for this 
analysis it is assumed that no strain hardening occurs.CH'= 0) 
and that the shear modulus (G) is calculated using a Poissons 
ratio of 0.3. 
Scholz's numerical elastic buckling load is 1433N. This is 
calculated from an eigenvalue buckling analysis. His plastic 
collapse load is calculated as 
M 
pp = 5.33 hp 
where: 
h is the height of one storey. 
M is the plastic moment of the section calculated from the 
p 
plastic collapse load P of a simply supported test pt 





Thus the plastic collapse load based on small deflection theory 
elastic rigid plastic assumption is evaluated as 565N. The 
inelastic stability failure load obtained in the laboratory 
experiment of Scholz is 458N. A plot of the experiment result 
showing the load versus sway response for the first and second 
stories is given in Figures 5.30 and 5.31 respectively. 
In this work two cases are analysed: the elastic large dis-
placement response and the elastic-plastic large displacement 
response. 
• 
5.5.1 Elastic Large Displacement Response 
It is only possible to talk about the elastic large 
displacement response in terms of numerical simulation. 
If we were to carry out a physical test on the frame, 
the elastic buckling response would be pre-empted by 
inelastic material behaviour in the form of plastic 
"hinge" formation (this is considered in 5.5.2). 
However, it is useful to analyse the elastic large 
displacement response in order to validate the numerical 
algorithms. 
The elastic buckling load of the frame given by Scholz [6] 
is taken as the starting point of this numerical study. 
Scholz's buckling load of 1433N was calculated via an 
eigenvalue buckling analysis and it corresponds to the 
first buckling mode, i.e. a sway type of deformation. 
In order to trigger this sway mode numerically, a small 
imperfection in the form of horizontal loads is applied 
to the frame in addition to the vertical loads shown in 
Figure 5.23. The applied vertical load (P) versus sway 
displacement responses for horizontal load imperfections 
83. 
of 0.1P and 0.003P are shown in Figures 5.27 and 5.28 for 
the first and second storey sways, respectively. Additional 
analysis with imperfections corresponding to horizontal 
loads between 0.003P and 0.1P are expected to provide 
responses which fall inside the envelope defined by the 
two analyses performed. From the 0.003P imperfection 
analysis response it is clear that buckling (as defined 
in section 5.42) occurs at a load very similar to the one 
given by Scholz, whereas in the 0.1P imperfection analysis 
the transition from the pre-buckling response to the post-
buckling response is not clearly marked. It is also sig-
nificant to note that the post-buckling behaviour involves 
an increase in load before a limit load is eventually 
reached. This limit load is very similar for the two 
imperfection cases analysed • 
• 
84. 
In the NOSTRUM calculations, the numerical solution fails 
to converge at a point close to the limit load which is 
expected since the analysis is carried out as load controlled. 
The ABAQUS [20] solutions, which compare very favourably 
with the present solutions up to the limit load, were 
obtained using a RIKS [21] type algorithm which considers 
the loading as an unknown and therefore allows us to 
trace the post limit load response. The ABAQUS analys~s 
were carried out to compare the present solutions as well 
as to cortf irm that the NOSTRUM solutions fail at the 
limit point. It is clear that the straight line element 
approximations used in the present nonlinear geometric 
algorithm give results which compare favourably with the 
ABAQUS solutions where element rotations are also taken 
into account in the nonlinear geometric formulation. 
Finally, it is worth noting that the 0.1P imperfection 
NOSTRUM solutions for the two different finite element 
meshes (twenty-four and thirty-six quadratic elements 
given in Figures 5.24 and 5.25) give very similar results. 
5.5.2 Elastic-Plastic Large Displacement Response 
For the elastic-plastic large displacement analysis a 
twenty-four_element mesh was first used. A plot of the 
load versus first and second storey sway is given in 
Figures 5.30 and 5.31. The failure load obtained is 525N. 
This is in fair agreement with both the experimental and 
numerical solutions of Scholz. Noting the areas of 
~ plastification, a refined mesh using smaller elements to 
model the inelastic zones was used. The refined mesh is 
illustrated in Figure 5.26. The load versus first and 
second storey sway responses for this model are given in 
Figures 5.30 and 5.31 respectively. The failure load 
obtained using this model is 425N which is very close 
to the experimental result of Scholz. A plot of an 
exaggerated displaced shape at plastic collapse for the 
refined mesh is given in Figure 5.31 . 
In conclusion it is clear that the nonlinear stability 
behaviour of a frame structure can be modelled. It is 
possible to model the elastic-plastic large displacement 
response reasonably without prior knowledge of the areas 
of plastification. However, with this prior knowledge 
the frame can be modelled to give a much better estimate 
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I = 522mm'+ 
E 1.91 x 10 5 N/mm2 
0 = 253.7 N/mm2 y 
174mm2 A = 
Cross-Section 
b · = 29mm 








·H' = 0 
G = EI [ 2 ( 1 +\)) ] 
= 7346.1538 N/mm.2 




The cross-section is modelled using 10 layers of equal thickness 0.6mm. 
Figure 5.23 Geometric and Materials Properties of the Test Frame. 
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1. Total Number of Nodes in Model is 48 
2. 2GP Rule is used for each Element. 
MESH NO 1 
Figure 5.24 Twenty-Four, Three Noded Element Model. 
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1. Total number of Nodes in Model is 72. 
2. 2GP Rule is used for each Element. 
MESH NO 2 
Figure 5.25 Thirty-Six, Three Noded Element Model. 
v VI 4 
IV 
III 
XI 9 Co XII 
II 
I 
1. Total number of Nodes in 57. 
2. 11, Four Noded Elements using 3GP Integration Rule. 
3. XII, Three Noded Elements using 2GP Integration Rule. 











Figure 5.26 Refined Mesh for Accurate Modelling of Elastic-Plastic Stability 
Behaviour. 
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Figure 5.29 Elastic Buckling/Post-Buckling at a Load of 1863N for Mesh No. 1. 
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2. The Section is Partially Plastic at 1, 2 and 3 
Figure 5.32 Exaggerated Displaced Shape of Frame at Plastic Collapse 
for Refined Mesh No. 3. 
CHAPTER 6 
CONCLUSIONS 
The models and algorithms necessary for the nonlinear, stability 
analysis of frame-type structures were presented and their implementa-
tion in the finite element code NOSTRUM was discussed. They include 
the Timoshenko beam/frame elements with a layered representation of 
the cross-section, the uniaxial elastic-plastic constitutive models 
and a simplifiecl updated Lagrangian algorithm to account for the 
relatively large deformations which take place during inelastic 
stability analysis. 
From the validation of the software developed during the course of 
this work, it becomes clear that the nonlinear stability analysis 
of frames can be adequately carried out within the framework of the 
finite element method.. The results obtained with the present models, 
in general, show good agreement with previously published results. One 
possible exception is the failure of the present nonlinear geometric 
model to cope with very large rotations, but this is not considered 
a limitation in the context of stability analysis for routine design 
purposes. 
The results obtained also indicate that acceptable solutions can be 
obtained with relatively coarse meshes where no a priori knowledge of 
the behaviour of the structure is used to construct the mesh. On the 
other hand if some a priori knowledge of the structural behaviour is 
employed to construct the finite element mesh, very accurate predic-
tions are generally attained. In terms of providing guidelines on 
element choice, it was found that higher order elements generally 
perform better and reduced Gauss Legendre integration of the element 
stiffness matrices should be used. 
The algorithms developed in this work, together with the modelling 
guidelines provided, make possible the accurate analysis of nonlinear 
stability problems in frame structures. As further work, these 
techniques could be made available in micro computer software for 
routine frame analysis and design. The main consideration in taking 
this step would be to optimize the efficiency of the algorithms. 
96. 
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APPENDIX A 
Courses completed in partial fulfillment 











THE FOLLOWING COURSES WERE COMPLETED IN 
PARTIAL FULFILLMENT OF THE M.Sc. (ENG) DEGREE 
AT THE UNIVERSITY OF CAPE TOWN 
Structural Dynamics 
Frame Analysis· 
Introduction to the Theory of 
Elasticity 
Plates and Shells 
Introduction to the Finite Element 
Method 
Finite Element Analysis 
Numerical Methods 
Advanced Numerical Methods 
Course 'Credits 22 













Total credit requirements for the M.Sc. (Eng) Degree : 40 
A brief description of the courses are given as follows:-












Principles of dynamics. Natural modes of vibration. Energy methods. 
Forced vibrations; differential equations, normal mode and frequency 
response methods. Damping. Introduction to earthquake effects. 
100. 
CE5B6 - FRAME ANALYSIS 
The application of the force method of analysis to framed structures 
of straight.and curved members. The stability of equilibrium of 
framed structures. 
CE5B7 - INTRODUCTION TO THE THEORY OF ELASTICITY 
Stress, strain, equilibrium, strain displacement relations. Elastic 
constants. Solutions of simple boundary value problems in plane stress 
and plane strain. 
CE5B8 - PLATES AND SHELLS 
An introduction to the elastic theory of plates and shells. Ge,neralised 
stresses, gerieralised strains, elastic constitution relations, co-ordinate 
systems. Analytical solutions of simple problems. Variational methods 
using Energy Principles. Ritz and Finite Element Methods relating to 
plates and shells. 
CE5B9 - INTRODUCTION TO THE FINITE ELEMENT METHOD 
Generalised displacement method of analysis for framed structures. 
Elastic energy theorems. Basic procedures of the finite element method 
illustrated for framed structures. 
CE5B10 - FINITE ELEMENT ANALYSIS 
Plane stress and plane strain elements, plate bending elements, shell 
elements, three-dimensional elements. Programming of the finite element 
displacement method. Techniques for equation solving. 
AM343 - NUMERICAL METHODS 
The theory and practice of numerical methods is dealt with in this 
course. Topics include: approximate solution of nonlinear equations, 
interpolation, numerical integration, numerical solution of ordinary 
differential equations. 
AM344 - ADVANCED. NUMERICAL METHODS 
Solving of partial differential equations using the Galerkin Method 
with Finite Element approximations. 
2 3 o~c 1985 
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